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In this work, we present away of building atime-discrete mode], especially related to the epidemic population
dynamics, making use of the Royama’s kamework $[$4, 5, $6],which$ is sometimes called the $fir\epsilon t$-principle’
modelling, and further we analyze the derived discrete model to make some $compari\infty n$ to some typical
ordinary differential equation models. Especially let us consider an epidemic population dynamioe of nonfatal
disease transmission, assuming that the total population size can be regarded as constant, say $N$ , according
to the epidemic time scale. We assume the probability $P_{k}(i)$ that the number of contacts to other individuals
by an individual is $i$ in the $k$ th day, and give the probability that the individual who contacts in $j$ times to
some infectivae in the $k$ th day successfully escapes $bom$ the infection by $(1-\beta_{k})^{j}(0<\beta_{k}<1)$ . We show
that our discrete model has the nature mathematically analogous to that of $Kermack-McKendrick$ model
if we assume that $P_{k}(i)$ follows aPoisson distribution. FUrthermore, with arational introduction of the
time step size, we can show that the limit of our model system exactly corresponds to Kermack-McKendrick
modei.
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,
(
) site-based ( , [1] )
, Royama(1992)[4] ,
, $\psi_{k}=S_{k}/N$ , $\phi_{k}=I_{k}/N$,
$\eta_{k}=R_{k}/N$ , Poisson
, , Kermack-McKendrick




, $k$ , $i$
$r_{k}(i)$ , $k$ ,
$;i$ , , $i$ , ,
1 $i$ $P_{k}(i)$ $r_{k}(1)$ ,
$k$ , $P_{k}(1)$








$\langle r\rangle_{k}$ , , $\{r\rangle_{k}=N_{k+1}/N_{k}$ , (1) ,
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, , $P_{k}(i)$ ,






( ) $N$ ( ) $k$ ( ) ( ) $S_{k}$ ,
( ) $I_{k}$
, $k$ 1 $i$ $P_{k}(i)$ $k$
$\{\pi\rangle_{k}$ $, \langle\pi\}_{k}=\sum_{i=0}^{\infty}iP_{k}(i)$ , $k$ 1 $i$
, ( complete mixing ) , $\phi_{k}=I_{k}/N$
, $k$ , $\sum_{i=0}^{\infty}(I_{k}/N)iP_{k}(i)=(I_{k}/N)\langle\pi\rangle_{k}$
, (i) , $k$ $i$
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$(0<\beta_{k}<1)$ $\beta_{k}$ , $k$ , 1








, 1 , $q_{k}$ , ,
, $m(0\leq m\leq 1)$ $m=0$ ,
$m\neq 0$ , , $m$
, $S$ ,
$k$ $R_{k}$
, , 1 , $\theta$
$(0\leq\theta<1)$ , ,
SIRS $0$ , , $\theta=0$
, , , SIR , ,
$m\equiv 0$ , ,
, , $R_{k}\equiv 0$ , , , SIS
, $\psi_{k}=S_{k}/N$ , $\phi_{k}=I_{k}/N$,
$\eta_{k}=R_{k}/N$ :
$\psi_{k+1}$ $=$ $\sum_{j=0}^{\infty}(1-\beta_{k}\phi_{k})^{j}P_{k}(j)\psi_{k}+(1-m)q_{k}\phi_{k}+\theta\eta_{k}$ (3)
$\phi_{k+1}$ $=$ $\sum_{j=0}^{\infty}\{1-(1-\beta_{k}\phi_{k})^{j}\}P_{k}(j)\psi_{k}+(1-q_{k})\phi_{k}$ (4)
$\eta_{k+1}$ $=$ $mq_{k}\phi_{k}+(1-\theta)\eta_{k}$ (5)
$k$ $\psi_{k}+\phi_{k}+\eta_{k}=1$
, , (4) 1– $(1-\beta_{k}\phi_{k})^{j}$ , $j>0$










, $\langle\pi\}_{0}$ , ( ) 1
$\langle\pi\rangle_{0}=\sum_{i=0}^{\infty}iP_{0}(i)<\infty$ , $j$ , , $jP_{0}(j)<\overline{n}$
1 , , $\phi_{1}>\phi_{0}$ , ,
(basic reproduction ratio at the invasion stage) $\Re_{0}=\phi_{1}/\emptyset 0$
,
$\Re_{0}=\beta_{0}\langle\pi\rangle_{0}+1-q_{0}>1$ (6)
(6) , ( )
$(\beta_{0}$ $)$ , , $(q_{0}$
$)$ , , $(\{\pi\rangle_{0}$ )
32 $n$
$n$
, $n$ (basic reproductive number)
, $\mathcal{R}_{n}$ , $n$ , , $n+1$
$k$ $i$ , , Plk (i)
, $k$ $j$ ,
, $l$ ,
$(\begin{array}{l}jl\end{array})(\frac{S_{k}}{N})^{l}(1-\frac{S_{k}}{N})^{j-l}=(\begin{array}{l}jl\end{array})\psi_{k}^{l}(1-\psi_{k})^{J-l}$










, $k$ , $q_{k}$ $k$
, , $k+1$ , $m$ , $1-m$
( ) , $k$
, $k$ , $n$ $n+1$
, $q_{n+1}$ , $n+2$ , $n+1$
, $(1-q_{n+1})q_{n+2}$ , $n+k$ ,
$\{\prod_{1=1}^{k-1}(1-q_{n+i})\}q_{n+k}$
, , ( , )
, (7) , $n$ , $n+k$
,
$\sum_{1=1}^{k}\beta_{n+i}\psi_{n+i}\{\pi\rangle_{n+i}$
, , $n$ (basic reproductive number) $\mathcal{R}_{n}$
:
$\mathcal{R}_{n}$ $=$ $\sum_{k=1}^{\infty}\{\sum_{i=1}^{k}\beta_{n+i}\psi_{n+i}\{\pi\rangle_{n+i}\}\{\prod_{j=1}^{k-1}(1-q_{n+j})\}q_{n+k}$ (8)
, , , , (3-5)
, (8-5)
, $\psi_{i}arrow\psi_{*}$ , $\{\pi\}_{i}arrow\{\pi\rangle_{*},$ $\beta_{i}arrow\beta_{*},$ $q_{i}arrow q_{*}$
$\mathcal{R}_{*}$ , $\langle$ , (8) ,
$\mathcal{R}_{*}$ $=$ $\beta.\psi.(\pi\}_{*}\sum_{k=1}^{\infty}k(1-q.)^{k-1}q$. $= \frac{\beta_{*}\psi_{*}\langle\pi\}_{*}}{q_{*}}$ (9)
$q_{i}arrow q_{r}$ , ,
$\sum_{k=1}^{\infty}k(1-q_{*})^{k-1}q$. $=1/q_{l}$ , (7) , 1
$\beta.\psi.\langle\pi\rangle_{*}$ , (9)
, $\psi_{*}<1$ , $\phi_{*}>0$ , , ( )
, $\phi_{1}arrow\phi_{*}>0$ , ,
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, , $n$ , $\mathcal{R}_{n}<1$
, (3-5) ,
$\psi_{i}arrow 1$ , , $\psi_{*}=1$ , (9) ,
$\frac{\beta_{*}(\pi\rangle_{*}}{q_{*}}\leq 1$ (11)
( $i$ ) $\beta_{i}=\beta,$ $q_{i}=q,$ $\{\pi\}_{i}=\{\pi\}$ ,
, (6) $\Re_{0}$ 1
3.3 Poisson
, (i) Poisson :
$P_{k}(j)= \frac{\gamma_{k}^{j}e^{-\gamma_{h}}}{j!}$
$k$ 1 $\{\pi\}_{k}$ , $(\pi\rangle_{k}=\gamma_{k}$ ,
$($3-5 $)$ , :
$\psi_{k+1}$ $=$ $\psi_{k}e^{-\beta_{h}\gamma_{k}\phi_{k}}+(1-m)q_{k}\phi_{k}+\theta\eta_{k}$ (12)
$\phi_{k+1}$ $=$ $\psi_{k}(1-e^{-\beta_{k}\gamma_{k}\phi_{k}})+(1-q_{k})\phi_{k}$ (13)
$\eta_{k+1}$ $=$ $mq_{k}\phi_{k}+(1-\theta)\eta_{k}$ (14)





(12-14) , , $m=0$ , , SIS , $\psi_{k}+\phi_{k}=1$ ,
(12-14) 1 :
$\phi_{k+1}=(1-\phi_{k})(1-e^{-\beta_{k}\gamma_{k}\phi_{h}})+(1-q_{k})\phi_{k}$ (15)
, $\gamma_{k}=\gamma,$ $\beta_{k}=\beta,$ $q_{k}=q$ , $\Re_{0}=\beta\gamma+1-q\leq 1$
, $karrow\infty$ , $\psi_{k}arrow 1$ , , $\Re 0>1$ , ,




Fig. 1: (12-14) , $m\geq 0$ $\theta=0$ $m=0$ , SIS (15)
$\psi_{0}=0.999;\phi_{0}=0.001,$ $q=0.1;\theta=0.0;\beta=0.1;\gamma=5.0$






, 1 , $\%>1$
, $q<\beta\gamma$ (16) 1 , $q\geq\beta\gamma$
, (16) , $\phi^{*}$ ,
:
$\phi^{*}<\frac{1}{1+q}$
, (16) , $q$ , $\phi^{*}$ } ,
(15) (16) , $q=1$ , $\phi^{*}=1$
SIR
(12-14) , $m>0$ $\theta=0$ , (12), (14) ,
$\psi_{k+1}+\phi_{k+1}=\psi_{k}+\phi_{k}-mq_{k}\phi_{k}$
, $\psi_{k}+\phi_{k}$ , , $k$ , , $\phi\cdot=0$
$\psi^{*}$ $(\psi_{0)}\phi_{0})$ ( 1 )
SIRS





Fig. 2: (12-14) , $m>0$ $\theta\geq 0$ $\theta=0$ , SIR
$\psi_{0}=0.999;\phi_{0}=0.OO1;q=0.1;m=0.6;\beta=0.1;\gamma=5.0_{0}$







1 , (17) , $1/(1+mq_{\infty}/\theta)$
(18) , , $\Re_{\infty}=\beta_{\infty}\gamma_{\infty}+1-q_{\infty}>1$
, , , (18) ,
$\phi^{*}<\frac{1}{1+(1+m/\theta)q_{\infty}}$
$(\psi^{*}, \phi^{*})=(1,0)$ , 2: $1-\theta_{0)}\beta_{0}\gamma_{0}+1-q_{0}$
( $=$ %: ) ,, , $\Re_{0}<1$ , (
, stable node) , $\Re_{0}>1$ , ( , saddle)
$(\psi^{*}, \phi^{*})$ , ,
,
34
$P_{k}(i)$ Poisson (12-14) , ,
, $t\ll 1$ , ,
2 $(\psi^{*}, \phi^{*})=(1,0)$ , ( ) . $\theta_{0},$ $q0,$ $\gamma 0,$ $\beta_{0}$
. $\gamma_{k}=\gamma$ . $\beta_{k}=\beta$. $q_{k}=q$ ,
27
:$\psi(t+ t)$ $=$ $\psi(t)e^{-\beta(t)\gamma(t)\Delta t\phi(t)}+(1-m)q(t)$ $t\phi(t)+\theta t\eta(t)$ (19)
$\phi(t+ t)$ $=$ $\psi(t)\{1-e^{-\beta(t)\gamma(t)\Delta t\phi(t)}\}+\{1-q(t) t\}\phi(t)$ (20)
$\eta(t+ t)$ $=$ $mq(t)$ $t\phi(t)+(1-\theta t)\eta(t)$ (21)
, (12-14) (19-21) , $\gamma_{k}arrow\gamma(t)$ $t,$ $q_{k}arrow q(t)$ $t,$ $\thetaarrow\theta t$
, , (12-14) $\theta(0\leq\theta<1)$ , $\theta t$
, (19-21) $\theta$ , ( ) ,
,
, $tarrow 0$ , :
$\frac{d\psi(t)}{dt}$ $=$ $-\beta(t)\gamma(t)\psi(t)\phi(t)+(1-m)q(t)\phi(t)+\theta\eta(t)$
$\frac{d\phi(t)}{dt}$ $=$ $\beta(t)\gamma(t)\psi(t)\phi(t)-q(t)\phi(t)$ (22)
$\frac{d\eta(t)}{dt}$ $=$ $mq(t)\phi(t)-\theta\eta(t)$






$\frac{dS(t)}{dt}$ $=$ $- \beta(t)\frac{I(t)}{N}\gamma(t)S(t)+(1-m)q(t)I(t)+\theta R(t)$
$\frac{dI(t)}{dt}$ $=$ $\beta(t)\frac{I(t)}{N}\gamma(t)S(t)-q(t)I(t)$ (23)
$\frac{dR(t)}{dt}$ $=$ $mq(t)I(t)-\theta R(t)$
, Kermack-McKendrick ,
$\frac{dS(t)}{dt}$ $=$ $- \beta(t)\frac{I(t)}{N}c(t)NS(t)+(1-m)q(t)I(t)+\theta R(t)$
$\frac{dI(t)}{dt}$ $=$ $\beta(t)\frac{I(t)}{N}c(t)NS(t)-q(t)I(t)$ (24)
$\frac{dR(t)}{dt}$ $=$ $mq(t)I(t)-\theta R(t)$
, Kermack-McKendrick , $t$ ,
$N$ $(c(t)Nt)$ , (12-14)
, (23) , Kermack-
McKendrick (24) , , $t$ , $N$
$(\gamma(t) t)$
, (12-14) ,
1 $\{P_{k}(i)\}$ Poisson , $k$
1 $\{\pi\}_{k}$ $\theta$: ,
$\{\pi)_{k}=\gamma_{k}=c_{k}N$
28
( $c_{k}$ : ), , (12-14) , ,
, $t\ll 1$ , $tarrow 0$ ,
, (24) , (12-14) ,
, mass-action , Kermack$-M$cKendrick
, Kermack-McKendrick , (12-14)
, $k$ 1 $\langle\pi\}_{k}$
( )
4
, (12-14) , ,
, ,
, ,
[1] A. Br\"annstrom and D.J.T. Sumpter. The role of competition and clustering in population dynamics.
Proc. R. Soc. $B$, Vol. 272, pp. 2065-2072, 2005.
[2] J.E. $\mathbb{R}anke$ and A.-A. Yakubu. Disease-induced mortality in density-dependent discrete-time S-I-S
epidemic models. J. Math. Biol., Vol. 57, pp. 755-790, 2008.
[3] A.J. Nicholson and V.A. Bailey. The balance of animal populations. Part I. Proc. Zool. Soc. Lond.,
Vol. 1935, No. 3, pp. 551-598, 1935.
[4] T. Royama. Analytical Population Dynami$cs$ . Chapman&Hall, London, 1992.
$[$5] . : . , , 2007.
[6] . , 1 $J$
( , ), $p$ .l-p 43, , , 2008.
29
